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Abstract 
The problem of calculations the residual stresses in hot-rolled sheets is considered in the paper. Residual stresses become of 
practical importance when the laser cutting of sheets is applied. The main factors influencing the residual stresses are the non 
uniform distribution of elastic-plastic deformations in the volume and unloading of the sheet material during cooling, phase 
transformation occurring during cooling and relaxation of the stresses. The goal of this paper is development of a model of 
residual stresses in hot-rolled sheets based on the elastic-plastic material model, taking into account the above factors. In this 
work the individual models for cooling of hot rolled sheets in the laminar cooling line and in the coil were developed. Elastic-
plastic properties of the material were determined experimentally using tests on GLEEBLE 3800. Model of the thermal 
deformation during cooling was obtained on the basis of the dilatometric test. Thermal model was based on the solution for two 
dimensional cross-section of the sheet and the roll longitudinal section. Experimental verification of the thermal model was 
performed in industrial conditions.   
© 2014 The Authors. Published by Elsevier Ltd. 
Selection and peer-review under responsibility of Nagoya University and Toyohashi University of Technology.  
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1. Introduction 
The problem of calculations of the residual stresses in hot-rolled sheets is considered in the paper. This problem 
becomes of practical importance when the laser cutting of sheets is applied. High values of residual stresses lead to 
deformation (bending and twisting) of sheets during laser cutting. In consequence, it is not possible to get sheets 
with straight edges. For this reason, beyond the demands regarding product microstructure, properties and 
dimensions, the manufacturers of sheets are interested also in reduction of the level of residual stresses. Available 
methods of experimental determination of residual stresses generally cannot be used to control the process on-line. 
Thus, the residual stress measurement requires performing an experimental rolling and cannot be used during the 
design of technology. For these reasons, methods of calculation of residual stresses in sheets become important.   
Existing research on the calculation of residual stresses in sheets can identify significant factors, which 
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influence these stresses (Wang et al. (2007, 2013), Zhang et al. (2012) and Zhoua et al. (2003)). The main factors 
influencing the residual stresses is the non uniform distribution of elastic-plastic deformations in the volume and 
unloading of the strip material during cooling, phase transformation occurring during cooling and relaxation of the 
stresses. The problem of calculation of residual stresses is generally solved by using the finite element (FE) 
method and commercial programs. For example Wang et al. (2013) and Zhoua et al. (2003) have used ABAQUS 
for this case. The following difficulties occurred in such approach: i) increase of the calculation time, which does 
not allow to use the model in the control system of the rolling mill, ii) limited accuracy of results and possibility of 
implementation complicated material models. The latter is connected to the fact that it is difficult to use 
sufficiently fine mesh when solving three-dimensional boundary problem by finite element method. This leads to 
the fact that in most cases, the researchers do not consider the change in stresses along the thickness of the sheet, 
but only along the width. On the other hand Pozdejev et al. (1982) and Skorochodov et al. (1985) show that only 
longitudinal stresses have a significant influence in the rolled sheets. This allowed simplifying the problem and to 
solve it using fast computing methods (Skorochodov et al., 1985; Birger,1963).  
A mechanical model of the material used in the calculations requires particular attention. Milenin et al. (2010) 
showed that the residual stresses significantly affect the relaxation processes. This factor is not given sufficient 
attention in the existing literature. The goal of this paper is development of a model of residual stresses in hot-
rolled sheets based on the elastic-plastic material model, taking into account the above factors, including stress 
relaxation and phase transformation. Computer program capable of performing on-line calculations was developed 
on the basis of the model and simulations of residual stresses were performed.   
2. FEM models of thermal processes 
Developed FE model of heat transfer processes contains two options. The first is modeling of the heat 
transfer in the sheet during rolling. This model is based on the Fourier equation taking into account the heat 
of deformation and phase transformation at a cross section of the rolled sheet (Milenin et al. (2010)): 
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where: U – density, t – temperature, W  time,  tk  – conductivity coefficient,  tc   specific heat, V   effective 
stress, [ effective strain rate, F
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H  – heat of phase transformation; Ff, Fp, Fb – volume fractions of 
ferrite, pearlite and bainite with respect to the whole volume of the material.  
The parameters F
trans
H , P
trans
H , B
trans
H ,  tc  and  tk  were set according to work of Medina (1992) for steel A36. 
Boundary conditions were applied by the law of convection. 
The second option of the FE solution was designed for modelling of coil cooling process. The basis of this model 
is the solution of Fourier equation in cylindrical system:  
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The influence of the air closed between the subsequent layers of coiled metal was added by artificial anisotropy 
according to Colas et al. (1990) kr = 0.1kz. The peculiarity of the model of cooling process in a coil is to take into 
account the sheet coiling. Example of modelling of the heat transfer during coiling and the corresponding results of 
infrared tests using camera type FLIR SC660 are shown in Fig. 1.  
 
Fig. 1. Modelling results of cooling during coiling process (a-c), transport to freezer (d) thermography analysis of the coil after coiling (e). 
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Sheet thickness was 4 mm, the surface temperature at the beginning of coiling was 625°C. The length of sheet was 
326 m and width was 1.5 m. The laminar cooling was applied before the sheet coiling. The temperature 
measurement has shown that during the coiling experiment the temperature was rising (Fig. 1(e)). Analogous 
results were obtained by simulating the coiling process including the heat of phase transformation (Fig. 1(d)). The 
obtained results allow concluding that the end of phase transformations in the material sheets takes place in a coil.  
3. Phase transformation model  
Phase transformations model predicts changes of volume fractions of phases in the temperature model. The 
objective of modeling of phase transformations is to supply data for calculation of dilatometric strains. This task 
can be efficiently completed by a simple model based on the modified JMAK equation, which was shown by 
Pietrzyk and Kuziak (1993). Phase transformations model was applied in the present work to predict the phase 
transformation kinetics. Model contains parameters a = {a4, …, a27}, which were determined on the basis of 
dilatometric tests and inverse analysis. Identification was performed for heat S371 with chemical composition 
given in Table 1. and the values of the coefficients are given in Table 2. Analysis of the results shows that the 
model predicts very well start and end temperatures for all transformations. Larger discrepancies between 
measurements and predictions were obtained in the case of volume fractions of phases. 
 
Table 1. Chemical compositions of heat S371. 
 C  Mn Si P S Al N Cr Ni Cu 
max 0.14 0.81 0.02 0.009 0.008 0.036 0.0012 0.04 0.02 0.01 
min 0.16 0.42 0.01 0.009 0.007 0.04 0.0014 0.038 0.02 0.012 
        Table 2. Coefficients in phase transformation model for heat S371. 
a4 a5 a6 a7 a8 a9 a10 a11 a12 a13 a14 a15 
2.353 0.844 98.2 9.339 1.012 3.94 6.0 0.0027 0.0167 0. 617 0.036 1.78 
a16 a17 a18 a19 a20 a21 a22 a23 a24 a26 a27  
0.023 106.3 57.57 2.793 726.1 0.295 0.0879 1.908 1.722 530.2 548  
4. Model of residual stresses 
The following equations were used to describe strain hardening: 
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And in the incremental form: 
           HHV ' ' tEt,     for  tpHH d             (6) 
           HHV ' ' tEt p,     for  tpHH !             (7) 
where H  – effective strain,  tpH  – boundary of plasticity,  tEp  – modulus of plasticity,  tpV  – yield stress, 
 tE  – Young modulus.   
Parameters of elastic-plastic material model were approximated by the following equations: 
           32135 1exp TT aaEE                  (8) 
           32135 1exp TTVV bbpp                  (9) 
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Parameters of equations (8) - (10) were obtained using results of tensile test on ZwickZ250 machine on specimens 
which were cut from the sheet after finishing rolling in the rolling direction for heat S371: E35=209000; a1=-0, 
934; a2=-0,8897; 35pV =229.2;  b1=-1, 619; b2=-0.8249; 35pE =677.3; c1=-0.01481; c2=49.00; c3=-114.5; 
c4=66.23. The phenomenon of relaxation was taken into account using creep deformation theory, according to 
which the rate of creep c[  is expressed in terms of the following relationship: 
            tnc tB V[                  (12) 
The parameters of equation (12) were determined using tests on the simulator GLEEBLE 3800 in temperature 
range 400-1200°C. During the experiment, the sample was deformed to value 0.02 and the stress relaxation curve 
was recorded (Fig. 2). In the modelling of the unloading process during relaxation, equations (6) and (12) were 
used. The parameters of equation (12) were calculated by the least squares method as functions of temperature:  
          7545.300004.0  ttn               (13) 
          )0196.0exp(10332.1 8 ttB                (14) 
The model of residual stresses is based on the assumption that all components of the stress tensor except tension 
along the length of the sheet are zero. The sheet can be presented as a system of rods. In addition to the thermal 
deformation of each rod, all the rods are exposed to the average strain of the sheet İm that is a result of the 
changing length of the sheet in the cooling process. Thus, if in the rod i an increment of temperature ǻt and the 
corresponding increment of thermal deformation ǻİ t appear, the total increment of the deformation of the rod will 
be equal to: 
        tmi HHH '' '                             (15) 
and the current strain is  
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where n – number of increments of temperature (and thermal deformation).  
The increment of the thermal deformation is determined taking into account phase transformations, as described by 
Wang et al. (2008, 2013). This relation can be represented in a general form:   
 ttft ' ' ,H                 (17) 
Dilatometric curves for heat S371, which were used for modelling the ǻİ t values were obtained for cooling rate 
0.053-60ºC/s on DIL 805 dilatometer. 
Increment of stress can be defined by equations (13) - (24). A generalized form of this increment is:  
         iii t HHVV ' ' ,,               (18) 
In the considered method İm is an unknown quantity (or ǻİm, if the problem is solved in increments). 
Determination of mH'  is carried out on the basis of the conditions of equilibrium of the system of rods:  
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where i – number of the rod, k – the number of rods, Si – cross section area of the rod i,  mtii t HHHV '' ,,,  – rod 
model, described by the equations (3)-(18).  A numerical solution of the equation (19) is performed next and mH'  
is determined (Milenin et al. (2013)). When two modules are combined, solutions of the thermal problem with the 
algorithms of stress calculation is performed. Cross-section of sheet is divided into the rods according to the finite 
element mesh used in the solution of the former problem. 
5. Experimental validation of model of resirual stresses   
In the experiment, the sample with fixed both ends is heated from temperature 20ºC to 1200ºC and then is 
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cooled to temperature 20ºC. During the experiment the change of stress as a function of time is monitored. Three 
variants of the simulation were considered. In all variants model described by equations (3) - (18) was used. In first 
option, the thermal deformation was calculated on the basis of the thermal expansion coefficient of 1e-5. In this 
case phase transformations and stress relaxation were not taken into account (option A). In the second variant 
model of stress relaxation was added (option B). In the third variant dilatometric curves were used to determine the 
thermal stresses (option C). The results presented in Fig. 2 allows to conclude that: 1. Including in the calculation 
the relaxation process has a large impact on the value of stress at high temperatures and substantially changes the 
stress values in the temperature range of 800ºC÷1200ºC. Taking into account the relaxation caused increase of 
residual stresses after the cooling process. It is related to the fact that the residual stresses develop as a result of the 
relaxation processes during the elastic-plastic thermal deformation. Relaxation at high temperatures reduces the 
level of compressive stress at the beginning of the unloading process, which results in the formation of tensile 
stresses inside material (Fig. 2a, b). 2. Taking into account the nonlinear dependence of the thermal deformation on 
the temperature has a significant impact on the stress in the form of wave formation on the stress chart (Fig. 2,c).  
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Fig. 2. Validation of developed model: (a) – option A, (b) – option B, (c) - option C, 1 – change in temperature, 2 – the result of stress modeling, 
3 – result of stress measurement. 
6. Example of simulation 
For the sake of illustration of the developed model capability, the process of the rolling of 1.48 mm thick sheet 
in a continuous 11 stands mill was selected (schedule of deformation [mm] 168.0-> 142.0-> 90.0-> 50.0-> 33.0-> 
19.0-> 9.12-> 5.46-> 3.37-> 2.31-> 1.76-> 1.48). Detailed description of the technology is given in works Milenin 
et al. (2004, 2013). Results of calculations are presented for four points, which are schematically shown in Fig. 3. 
The results of temperature calculations are shown in Fig. 4,a. Simulation takes into account the cooled metal in 
mill line, thermal effects of deformation, cooling with water sprays. The corresponding calculation of thermal 
stresses is shown in Fig. 4,b-c for the linear dependence of thermal deformation on the temperature and relaxation 
(option B) and with this factors and phase transformation (option C). During the rolling the edges of the sheet are a 
subject to tensile thermal stresses. The centre of the sheet is dominated by compressive stresses, except the surface. 
After rolling during cooling and temperature equalization, unloading of thermal stress occurred. However, since in 
the initial stage of cooling plastic deformation occurred, unloading leads to residual stresses of the opposite sign. 
This is seen in all the curves in Fig. 4,b after 100 s cooling. High values of compressive stresses at the edges of the 
sheet (up to 200 MPa) and tensile stresses in the central volumes are obtained in the final product. Attention is 
drawn to the fact that the entire surface of the sheet has compressive residual stresses (curves S2 and S3 in Fig. 
4,b), which are balanced by tensile stresses inside the sheet (curve S1 in Fig. 4,b). This result may explain the 
contradictory data on the distribution of stress across the sheet width, as described by Wang et al. (2008). The 
answer may lie in the fact that by using the three-dimensional solution based on the finite element method the 
Wanga et al. (2008, 2013) is forced to use a coarse FE mesh through the thickness of the sheet. This can lead to the 
homogenization of tensile and compressive stresses along the thickness and erroneous results. Accounting for 
relaxation (variant B) leads to the same effect, which was observed in modelling of the heating and cooling of the 
rod (Fig. 2b). Fig. 4(c) shows the result of calculations, which take into account relaxation and dilatometric curves 
(variant C). Stress changes similar to those observed in the experiments for the rod (Fig. 2c) were predicted by the 
model. 
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Fig.3. Position of control points 1-4 at the cross section of sheet. 
 
(a) (b) (c)  
Fig. 4. Simulation results in control points: (a) – temperature; (b) – distribution of longitudinal stresses, option B; (c) – option C. 
7. Conclusions 
1. Based on a simplified representation of the stress tensor the numerical-analytical model of the thermal residual 
stresses in hot rolled sheet was proposed. The performance of the developed model and the program confirmed its 
applicability to the process control system. 2. It was found that even with a small sheet thickness compressive 
residual stresses can be predicted on the surface of the sheet. Compressive residual stresses occur at the edges of 
the sheet through its thickness. Tensile residual stresses are located inside the volume of the central part of the 
sheet. 3. The stress relaxation phenomenon at high temperatures increases the residual stresses after the final 
cooling of the sheet. Effect of phase transformations on residual stresses is very important, neglecting this factor 
leads to serious discrepancies between the predictions and the experimental data. 
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